ABSTRACT. Let (M, ξ) be a contact 3-manifold. We present two new algorithms, the first of which converts an open book (Σ, Φ) supporting (M, ξ) with connected binding into a contact surgery diagram. The second turns a contact surgery diagram for (M, ξ) into a supporting open book decomposition. These constructions lead to a refinement of a result of Ding-Geiges [DG04], which states that every such (M, ξ) may be obtained by contact surgery from (S 3 , ξ std ), as well as bounds on the support norm and genus [EO08] of contact manifolds obtained by surgery in terms of classical link data. We then introduce Kirby moves called ribbon moves which use mapping class relations to modify contact surgery diagrams. Any two surgery diagrams of the same contact 3-manifold are related by a sequence of Legendrian isotopies and ribbon moves. As most of our results are computational in nature, a number of examples are analyzed.
1. INTRODUCTION 1.1. Open books and contact structures. A contact structure on an oriented 3-manifold M is a hyperplane distribution ξ for which there exists a globally defined one-form α satisfying ξ = Ker(α) and α ∧ dα > 0 with respect to the prescribed orientation on M . In this paper, we will consider two contact manifolds (M, ξ) and (N, ζ) to be equivalent if they are diffeomorphic, i. Accordingly, we will refer to either structure simply as an open book unless an isotopy class for the binding is specified and will use abstract open book notation unless otherwise specified. Following Giroux [Gi02] , we say that an open book (Σ, Φ) supports or is compatible with (M, ξ) if (1) M = M (Σ,Φ) , and (2) there is a contact 1-form α for ξ = Ker(α) which is a positive length element on the binding and such that the Reeb vector field R α is transverse to the interiors of all the pages. In [TW75] Thurston and Winkelnkemper showed that every open book decomposition (Σ, Φ) gives rise to a compatible contact manifold (M (Σ,Φ) , ξ (Σ,Φ) ) which depends only on Σ and the conjugacy class of Φ. The following theorem asserts that all contact 3-manifolds arise in this way. In light of Theorem 1.1, it is natural to ask how properties of surfaces and their diffeomorphisms translate into contact-geometric qualities. Important progress has been made with the sobering arc criterion of Goodman [Goo05] and the right-veering program of Honda-Kazez-Matić [HKM07] . Theorem 1.2. Let (M, ξ) be a contact 3-manifold. Then the following are equivalent:
(1) ξ is overtwisted.
(
2) (M, ξ) admits a compatible open book decomposition which is a negative stabilization of some other open book decomposition for M . (3) (M, ξ) has a supporting open book decomposition whose page contains a sobering arc. (4) (M, ξ) is supported by an open book whose monodromy is not right-veering.
Moreover, while every topological 3-manifold admits an open book decomposition with planar pages [Al23] , not every contact 3-manifold is supported by a planar open book.
Theorem 1.3 (Etnyre [E04]). Let (M, ξ) be a contact 3-manifold.
1) If (M, ξ) is overtwisted, then it is supported by a planar open book decomposition. (2) Suppose that (M, ξ) is supported by a planar open book decomposition. Then any symplectic filling X for (M, ξ) has connected boundary and is such that b
+ 2 (X) = b 0 2 (X) = 0. If, in addition, M is an integral homology sphere, then the intersection form for X is diagonalizable. Proof. Suppose that tb(K) > 0. Legendrian surgery on K gives rise to a symplectic filling (X, ω) of the contact manifold (S 3 K , ξ K ) = ∂(X, ω) obtained by surgery on K. This follows from that fact that the surgery may be realized as the attachment of a symplectic 2-handle to the filling of (S 3 , ξ std ) by a 4-dimensional disk in the symplectic manifold (R 4 , dx 1 ∧ dy 1 + dx 2 ∧ dy 2 ). See [Wei91] . Legendrian surgery along K is smoothly equivalent to a tb(K) − 1 surgery with respect to the Seifert framing as can be seen by comparing the Seifert and contact framings of K (c.f. [OS04, §7.2]). Therefore, the union of a Seifert surface for K in the filling together with the core disk of the 4-dimensional surgery 2-handle represents a non-zero class in H 2 (X, Z) with self intersection tb(K) − 1 ≥ 0. It follows that b + 2 (X) = 1 so that (S 3 K , ξ K ) cannot be supported by a planar open book decomposition by Theorem 1.3(2). This establishes our first assertion.
Corollary 1.4 ([E04]). Suppose that K is a Legendrian knot in (S
If K is contained in the page Σ of a supporting open book decomposition of (S 3 , ξ std ), then Legendrian surgery on K may be performed by precomposing the monodromy of this open book by a Dehn twist about K. See Theorem 2.7. This means that if Σ is planar, then (S 3 K , ξ K ) is supported by an open book with planar pages, contradicting the observations stated in the previous paragraph. Therefore the second statement follows from the first. [OSS] , embedded contact homology [Wen10] , symplectic fillability [NW10] , and Dehn twist factorizations of mapping classes [Wa10] . However, at the time of the writing of this paper there is no known example of a contact manifold whose support genus is greater than 1.
While "having a common positive stabilization" is a rather complex notion of equivalence between supporting open books, much less is known about how contact surgery diagrams relate to one another. Developments 
Every connected component of L is either an unknot with tb = −1 or an unknot with tb = −2. Moreover, any two-component sublink of L is an unlink, a Hopf link, or a (−4, 2)-torus link.
Section 3 describes this construction in detail. As a corollary of Theorem 1.7 we obtain a new proof, and an improvement of Ding-Geiges' result in [DG04] which states that every contact 3-manifold may be obtained by contact ±1-surgeries in (S 3 , ξ std ). With the help of Theorem 1.1, we present a proof which is, in spirit, exactly the same as Lickorish's elementary proof [L62] that every closed, oriented topological 3-manifold admits a surgery presentation. Proof. By Theorem 1.1(1), (M, ξ) is supported by an open book determined by some (Σ, Φ). Possibly after a sequence of positive stabilizations, we may assume that the binding of (Σ, Φ) is connected. We know from [L64] that Φ admits a factorization into a product of positive and negative Dehn twists on the curves depicted in Figure 6 . Now apply Theorem 1.7.
From surgery diagrams to open books and applications.
Our second algorithm provides a way of embedding a Legendrian link in (S 3 , ξ std ) into the page of a supporting open book of (S 3 , ξ std ). Throughout the remainder of this paper, unless otherwise stated, L will refer to a Legendrian link in (R 3 , ξ std ). We write 
See Section 2.1 and Theorem 4.8 for details. We establish the following convention which will be used throughout this paper: When an oriented surface Σ is drawn in the front projection of R 3 , the regions of Σ on which its orientation agrees (disagrees) with the blackboard orientation will be lightly (heavily) shaded.
By applying Theorem 2.7, Theorem 1.9 can be used to convert a contact surgery diagram in (S 3 , ξ std ) into a supporting open book.
Our algorithm is far from the first of this kind to appear in the literature [AO01, Ar07, P04, S05], although our approach will be rather different. All those conceived thus far have been modifications of a technique which embeds a given bridge diagram into a template convex surface, which is shown to be the page of an open book decomposition of the sphere compatible with its standard contact structure (S 3 , ξ std ). The algorithm described in Theorem 1.9 directly follows the proof of Theorem 1.1(1) by describing explicit contact cell decompositions (Definition 2.2) of (S 3 , ξ std ). See Section 2.3 for a brief outline of the part of the proof of Theorem 1.1(1) needed for our purposes. Theorem 1.9 often gives improved bounds on the support genus and norm of links in (S 3 , ξ std ). In the case of the Legendrian trefoil knot L in Figure 1 , we improve the known upper bound sg(S 3 , ξ std , L) ≤ 3 [Ar07] to the computation sg(S 3 , ξ std , L) = 1. We study the support invariants of general Legendrian (2n + 1, 2)-torus knots for n ≥ 0 in Section 5.2. While preparing this paper, the computations of Section 5.2 were obtained independently -and in many cases improved using Heegaard Floer homology -in [LiWa11] .
In Section 5.4 we use Theorem 1.9 to show that overtwistedness of a contact manifold (M, ξ) is equivalent to the existence of special type of contact surgery diagram for (M, ξ), which corresponds to a negative stabilization in some compatible open book. This may be viewed as Theorem 1.2(2) for surgery diagrams, and complements the surgery construction of the Lutz twist as described in [DGS05] . See Section 5 for these and other applications of Theorem 1.9 to the study of support invariants.
(1)
. An example of a ribbon move. Taking all contact surgery coefficients to be −1, (1) presents a contact manifold by surgery on a link L of unknots. In (2) the surgery link ℓ = a∪b∪c is embedded in a connected Legendrian graphl, shown together with its ribbon Rl. We may regard ℓ as a collection of Dehn twists on Rl. The curve d also embeds into Rl as shown in (3). −1 surgery on each component of L corresponds to a diffeomorphism
On the right hand side of (3) is another Dehn twist factorization of D L . Finally in (4), Legendrian surgery presentations of the two Dehn twist factorizations are depicted. Again all surgery coefficients are −1.
Mapping class relations as Kirby moves.
As a final application of Theorem 1.9 we show how relations between Dehn twists in the mapping class group of a surface can be interpreted as Kirby moves (as in [K78, FR79] ) relating contact surgery diagrams. Such a Kirby move, which we call a ribbon move is executed as follows:
(1) Let L be a contact surgery diagram in (S 3 , ξ std ) presenting the contact manifold (M, ξ), and suppose that ℓ is a surgery sub-link of L. (2) Adjoin Legendrian arcs to ℓ to obtain a connected Legendrian graphl with ribbon Rl. The algorithm described in Theorem 1.9 can be used to draw Rl in the front projection. (3) Each connected component of ℓ with its surgery coefficient correspond to a positive or negative Dehn twist on Rl. See Theorem 2.7. Therefore ℓ determines an element D ℓ of the mapping class group of Rl with a preferred Dehn twist factorization. Suppose that we can find another Dehn twist factorization
where the ζ j are Legendrian realizable curves (in the sense of Section 2.5) in Rl. See the next section for an explanation of the notation in the above theorem. To the author's knowledge, the only known results regarding the modification of contact surgery diagrams are Ding-Geiges' cancelation and handle-slide moves. In Section 6.2 we will reinterpret these operations as ribbon moves. There we also provide examples of braid-and chain-relation type moves.
NOTATION AND REMARKS ON THE METHODS
While we will assume that the reader is familiar with the basics of contact manifolds, open book decompositions, and contact surgery, we will quickly recall some facts needed throughout the article. See [E06] and [OS04] for further details.
2.1. Conventions. (R 3 , ξ std ) will refer to the contact structure determined by the 1-form λ std = dz − ydx. (S 3 , ξ std ) denotes the contact structure on the 3-sphere considered as the boundary of the 4-disk D 4 = {||x|| ≤ 1} ⊂ R 4 with Liouville 1-form (x j dy j − y j dx j ). As the complement of a point in (S 3 , ξ std ) is contactomorphic to (R 3 , ξ std ), we will describe knots and links in (S 3 , ξ std ) by their inclusion in (R 3 , ξ std ), and will always draw knots in the front projection, i.e. the projection to the (x, z)-plane in (R 3 , ξ std ).
When Σ is an oriented surface and ζ is a simple, closed curve on Σ, a ±-Dehn twist along ζ will be denoted by D ± ζ . When expressing compositions of Dehn twists as a product, they will be ordered in the way that is standard for compositions of morphisms,
When performing surgery on Legendrian knots, we always express coefficients with respect to the framing given by the contact structure.
2.2. Contact surgery. One appropriate notion of Dehn surgery for contact 3-manifolds is contact surgery along Legendrian knots. Originally described in [DG01] , contact surgery generalizes Weinstein's Legendrian surgery [Wei91] for 3-manifolds.
Let L ⊂ (M, ξ) be a Legendrian knot in a contact 3-manifold. Then L admits a tubular neighborhood N (L) such that if we frame L with ξ then ∂N (L) is a convex surface in (M, ξ) with exactly 2 dividing curves of slope ∞. Here we consider a contact vector field pointing out of N (L), equip ∂N (L) with the boundary orientation, and compute slopes by taking ("meridian","longitude") as an oriented basis of H 1 (∂N (L); Z) with the longitude determined by the contact framing on L. The dividing curves separate ∂N (L) into two annuli ∂N (L) + and ∂N (L) − which can be identified with the closures of the positive and negative regions of the convex surface ∂N (L), respectively. To perform contact
from M and then glue it back in with the identity on ∂N (L) − and with −k (right-handed) Dehn twists along ∂N (L) + . It follows from the gluing theory of convex surfaces that this operation uniquely determines a contact structure on the surgered manifold. Contact 1 k surgery on L is equivalent to contact sgn(k) surgery on |k| copies of L pushed off along the Reeb vector field of some contact 1-form for ξ. See [DG04] .
We will be primarily interested in performing contact surgery along Legendrian knots in (S 3 , ξ std ). It is easy to check that, in this case, contact The part of the proof of Theorem 1.1 which is useful for our purposes is the construction of a supporting open book from a contact manifold. Following the exposition [E06], we briefly outline Giroux's proof as it will guide the execution of the algorithm of Theorem 1.9. The main idea is to consider cell decompositions of M which have special contact geometric properties.
Definition 2.2 (Giroux).
(1) A contact cell decomposition of the pair (M, ξ) is a presentation of M as a cell complex such that the 1-skeleton is Legendrian, each 2-cell is convex, and each 3-cell is tight. 2.5. Legendrian realization, surgery curves as Dehn twists, and abuses of language. It will be important to realize Legendrian knots on pages of open book decompositions of (S 3 , ξ std ). Once this is achieved it is easy to construct supporting open books for contact manifolds provided contact surgery presentations and vice versa. The essential tool in carrying out such constructions is the Legendrian realization principle [H00] . We state a weak version especially suited for our purposes. Sketch of the proof. We may identify an arbitrarily small tubular neighborhood
Remark 2.3. Note if Σ is the ribbon of a Legendrian graph L, then L is necessarily contained in the characteristic foliation of Σ and the boundary ∂Σ -equipped with the boundary orientation -is a positive transverse link in (M, ξ). Provided such a surface Σ and contact form α as in Definition 2.2(2b), we can apply the flow of the Reeb vector field for α to find a neighborhood of Σ of the form
It is easy to construct a contact vector field transverse to the closed surface
for which the associated dividing set is isotopic to ∂Σ × {0}. Then our hypothesis guarantees that the usual Legendrian realization principle applies to C ⊂ ∂N (Σ). See [H00, Theorem 3.7] for details.
We will often need to find Legendrian representatives of collections of curves which are not simultaneously Legendrian realizable. This may be resolved by placing individual curves on different surfaces in a 1-parameter family. For simplicity, this generalized procedure will be referred to as Legendrian realization. For example, see Figure 2 in which we have Legendrian representatives of the four boundary components of a 3-punctured disk.
The preceding paragraph and above theorem indicate the necessity of another abuse of notation. Throughout this paper, whenever we speak of the page of some open book decomposition we will be referring to its (boundary relative) isotopy class. Thus when we say a knot is contained in some surface embedded in (S 3 , ξ std ), it is meant that the surface may be isotoped as in the statement of the above theorem so that it contains the knot.
The other principal ingredient in all of our constructions is the following statement which equates Dehn twists and contact surgeries. 
SURGERY DIAGRAMS FROM OPEN BOOKS
. . . c n−1 FIGURE 6. A compact oriented surface of genus g with a single boundary component. Define γ j , for j = 1, . . . , g − 1, as follows: Let N j be a tubular neighborhood of β j ∪ c j ∪ β j+1 . Take γ j to be the boundary component of N j which is not homotopic to either β j or β j+1 . Then Dehn twists about the α j , β j and γ j represent Lickorish generators of the mapping class group of the surface.
Suppose that (M, ξ) is a contact 3-manifold supported by the open book (Σ, Φ), where Σ is a genus g surface with a single boundary component and the monodromy Φ is expressed as a product of positive and negative Dehn twists on the Lickorish generators described in Figure 6 :
3.1. Algorithm 1. The following algorithm describes how to obtain a contact surgery diagram of (M, ξ) from this data as in Theorem 1.7. In the next section we will show that the surgery diagram obtained presents (M, ξ).
Step 1 (Embedding Σ in (S 3 , ξ std )). The curves α j , β j and c j can be embedded into (S 3 , ξ std ) as described in Figure 7 so that the ribbon of the graph (∪α j ) ∪ (∪β j ) ∪ (∪c j ) is diffeomorphic to Σ. We shall henceforth consider Σ as being contained in (S 3 , ξ std ) (or (R 3 , ξ std )).
. . .
On top is the image of the graph (∪α j ) ∪ (∪β j ) ∪ (∪c j ). This gives a contact cell decomposition of (S 3 , ξ std ). A page of the associated open book for (S 3 , ξ std ) is shown on the bottom. Here everything is drawn in the (x, z)-projection.
After rescaling the variable z on (R 3 , ξ std ) we may assume that the mapping
is an embedding. For t ∈ [−1, 1] and ζ ⊂ Σ we write ζ(t) = ζ + (0, 0, t). The curves γ j (1) may be drawn in the front projection as in Figure 8 γ j
FIGURE 8. The curve γ j pushed off of the graph (∪α j ) ∪ (∪β j ) ∪ (∪c j ).
Now we are ready to begin drawing a surgery diagram for (M, ξ).
Step 2 (Monodromy correction). Draw the curves α j (0) and β j (−1) for j = 1, . . . , n in the front projection. Label each curve with a surgery coefficient +1.
Step j+2 for j = 1, . . . , n (Adding Dehn twists). Draw the curve ζ j (j/n) in the diagram decorated with surgery coefficient −δ j . 
for some δ j ∈ {+, −}, ζ j ∈ {α i , β i , γ i }, and n ∈ N. 
Proof. Consider the Legendrian graph G and surface Σ ′ of Figure 7 . It follows from the discussion in Section 4.2 that the surface Σ in Figure 7 is a ribbon of G, and that Σ ′ is a page of an open book supporting (S 3 , ξ std ). From the diagram it is clear that Σ ′ is diffeomorphic to Σ and that the curves α j , β j and c j are embedded as desired. Call this diffeomorphism Ψ. The Equation 2 follows from Theorem 4.8.
Proposition 3.2. In the notation of Step 1 of Algorithm 1, (M, ξ) is equal to the contact manifold obtained by contact Dehn surgery on the link
and This is immediate from the proof of Theorem 1.7 and the fact that the γ Lickorish curves are non-existent in this case. 
Remark 3.4. Due to Gompf's formula relating Chern classes of contact structures and rotation numbers of

OPEN BOOKS FROM SURGERY DIAGRAMS
In this section we show how to embed a Legendrian link into the page of an open book decomposition supporting (S 3 , ξ std ) as in Theorem 1.9. Let L be a Legendrian link in (S 3 , ξ std ) with front diagram D(L). In Section 4.1 we present the part of the algorithm which builds the page of an open book decomposition from D(L). In Section 4.2 we prove that the surface obtained in Section 4.1 is indeed the page of an open book supporting (S 3 , ξ std ). A Dehn twist factorization of the monodromy of this open book is described in Section 4.3. In Section 4.4 we show how the Euler characteristic and number of boundary components of the surface constructed can be controlled. 4.1. Algorithm 2. For simplicity, we assume that each cusp of D(L) is tangent to a line of the form R×{z 0 } in the (x, z)-plane. Any Legendrian front diagram may be slightly perturbed so that this condition holds.
Step 1 (Crossing completion). For every crossing of D(L) we adjoin to L a Legendrian arc of the form γ(t) = (x 0 , y 0 +t, z 0 ) connecting the two points on L associated to the crossing. The completed Legendrian graph, L ′ can be pictorially represented by completing every crossing to an "X" as depicted in Figure 10 . We denote the completed diagram by D(L ′ ).
FIGURE 10.
Step 1 of the algorithm.
Step 2 (Reduction to the connected case).
. . , γ n−1 such that the front diagram D(∪ j γ j ) has embedded interior (i.e. has no crossings), and such that
(1) the interior is disjoint from D(L ′ ), and (2) ∂D(γ j ) consists of a cusp on D(L ′ ) j and another on D(L ′ ) j−1 . We also require that near each point of ∂D(∪ j γ j ), the diagram is tangent to a line of the form
An example is depicted in Figure 11 .
FIGURE 11. Adjoining Legendrian arcs to L ′ , ensuring connectedness of L ′′ .
Step 3 (Partitioning unknots) Now every embedded disk D in R 2 \ D(L ′′ ) with boundary on D(L ′′ ) lifts to a disk in (R 3 , ξ std ) bounding a piecewise smooth Legendrian unknot in L ′′ . If, after smoothing, ∂D has Thurston-Bennequin invariant less than −1, partition D into disks with tb = −1 by adjoining nondestabilizeable Legendrian arcs to L ′ , both of whose boundary points live on the cusps of ∂D. Do this in such a way that the union of the new arcs has embedded interior. Note that there is in general no unique way to choose the cusps along which the arcs will be connected. An example is depicted in Figure 12 . Denote the Legendrian graph obtained byL. We will later see thatL is the 1-skeleton of a contact cell decomposition of (S 3 , ξ std ). a b FIGURE 12. A typical execution of Step 3. Here only the disks labeled a and b need to be cut into smaller pieces.
Step 4 (The ribbon near cusps). Now develop the ribbon ofL near its cusps in the front projection. We show how this is done in Figure 13 . In a neighborhood of a given cusp,L may be described by a Legendrian arc ℓ which we may parameterized so that ∂z ∂t ≥ 0. The boundary of the ribbon near ℓ will consist of one positive and one negative transverse push-off of ℓ. Step 5 (The ribbon near singularities). Now we draw the ribbon ofL in the front projection in neighborhoods of the singularities of D(L). Let p ∈ D(L) be a singularity of D(L). In an arbitrarily small neighborhood of p ∈ R 2 there may be an arbitrarily large number of Legendrian arcs in D(L) emanating from p. Suppose that there are m arcs α 1 , . . . , α m in this neighborhood which lie to the left of p and n arcs β 1 , . . . , β n which lie to the right of p. Suppose all of the α j and β j are oriented so that they point out of p and are indexed so that α j+1 lies above α j and β j+1 lies above β j as shown in Figure 14 . Then the boundary of the ribbon ofL near p is
Step 6 (The ribbon along the remaining non-destabilizeable arcs). The next step consists of completing the ribbon forL by adjoining strips along those subarcs which are free of cusps and crossings. There is a unique (up to isotopy) way to do this due to the required transversality of the ribbon with the vector field ∂ z . Suppose that ℓ is such an arc from p ∈ R 2 to q ∈ R 2 , oriented left to right. The previous steps in the construction have forced the blackboard orientation of the ribbon to disagree with the ∂ z -orientation at p and to agree with the ∂ z orientation at q. Therefore we can complete the ribbon along ℓ as in Figure 15 .
FIGURE 15. A picture of the ribbon ofL along a non-destabilizeable arc as described in
Step 6.
We write Σ for the surface constructed after the completion of Step 6. In the next section we will show that Σ is the page of an open book supporting (S 3 , ξ std ). For an easy example, see Figure 1 . In this example the second and third steps of the algorithm are trivial. 4.2. Justification of Algorithm 2. The purpose of this section is to prove Theorem 1.9 using the algorithm described in the previous section. Before beginning the proof we introduce some vocabulary which will simplify the discussion.
Note that for every small disk in R 2 , there is a unique (up to boundary relative isotopy) lift to an embedded disk in (S 3 , ξ std ) with boundary inL. Then there is no ambiguity in calling such lifted disks in (S 3 , ξ std ) small. Small disks will be our candidates for the 2-cells of a contact cell decomposition of the 3-sphere which contains L in its 1-skeleton.
Although small disks will generally have piecewise smooth boundary they can be approximated by smooth disks. Let Σ be a ribbon for the Legendrian graphL. If D is a small disk in (R 3 , ξ std ), then ∂D ⊂ Σ can be isotoped to a smooth simple, closed curve in Σ by the Legendrian realization principle. Proof. Any cusps which are not standard left or right cusps will be eliminated after smoothing as described in the paragraph preceding Proposition 4.3. Now apply the usual formula (c.f. [E05, Section 2.6.2]) used to compute the Thurston-Bennequin number of a smooth Legendrian knot: Proof. We will follow the algorithm step by step, in the end ensuring that the hypothesis of Theorem 2.4 holds forL and Σ. As we will also only be considering Legendrian arc segments we adopt the following conventions for local orientations. For arcs which contain no cusps or crossings we always assume they are oriented "from left to right" so that dx ds > 0. Any arc which contains a single cusp is assumed to be oriented in such a way that dz ds > 0.
Steps 1-3. Steps 1 through 3 consist of connecting arcs to L. Each arc is drawn in the front projection, and we must make sure that the resultant diagram D(L) lifts to a Legendrian graph in (R 3 , ξ std ) which is homeomorphic to the graph D(L). In the case of Step 1 this is trivial as the added arcs are described by explicit parametrization.
For
Step 2 this is established by requiring that each cusp of L be tangent to a line of the form {z = z 0 } ⊂ R 2 for some z 0 ∈ R. If an arc added at Step 2 also satisfies this tangency condition and is otherwise embedded in R 2 − D(L), then it will have a lift to a Legendrian arc whose interior is disjoint from L, and whose endpoints lie on L at points of the form (x 0 , 0, z 0 ).
An endpoint of an arc ℓ added in Step 3 will end on a cusp or vertex of the graph D(L ′′ ). A cusp endpoint or an endpoint living on a vertex created in Step 2 may be justified as in the above paragraph. When an endpoint lands on a vertex of D(L ′′ ) created in Step 1, then again we require that D(ℓ) is tangent to a line of the form {z = z 0 } ⊂ R 2 near the endpoint. If γ is the arc of the form t → (x 0 , t, z 0 ) then ℓ will touch γ at the single point (x 0 , 0, z 0 ).
Step 4. The ribbon ofL near a cusp can be described in the front projection by Figure 13 . Note that, away from the singular points in the diagram, each piece of the ribbon inherits two local orientations: one given by the Reeb vector field ∂ z , and the other given by "the blackboard" ∂ y . We have indicated where these local orientations agree and disagree by shading the ribbon: It is heavily shaded where these orientations disagree and lightly shaded where there orientations agree.
Near a cusp, the boundary of the ribbon consists of one positive and one negative transverse push-off. For a right pointing cusp, note that by our orientation conventions dy ds < 0 and dz ds ≥ 0 with equality only at the point for which y • γ = 0. Thus we can arrange that the transverse push-offs and surface are as in the figure. The argument for a left pointing cusp is exactly the same except that in this case we have dy ds > 0 and so this piece of the ribbon comes with a lighter shading.
Step 5. Consider the (x, y)-projection ofL near a singularity. From this point of view, it is clear that if ∂ z is to be transverse to the ribbon ofL then the boundary of the ribbon must consist of the push-offs described in Step 5 of the algorithm.
Step 6. Note that we can require the ribbon ofL to be everywhere transverse to ∂ z . Similarly, any surface which retracts ontoL and satisfied this transversality condition on its interior and has transverse boundary is a ribbon ofL. The surface shown in Figure 15 satisfies these conditions. Applying Theorem 2.4. Now we prove that Σ ofL the page of some open book decomposition for (S 3 , ξ std ), having already established that it is a ribbon ofL. In order to verify this fact it suffices to check that Σ fits the hypotheses of Theorem 2.4.
The Legendrian graphL is the 1-skeleton of cell decomposition of the 3-sphere whose 2-cells are the elementary disks. Each 2-cell is (possibly after a C ∞ -small perturbation) convex with Thurston-Bennequin number −1. The union ofL with all of the 2-cells is simply a piecewise smooth disk, whose complement is homeomorphic to a 3-ball which is the only 3-cell in this cell decomposition. As (S 3 , ξ std ) is tight, the restriction of the contact structure to the 3-cell is also tight. Now we must ensure that all of the interiors of the elementary disks are disjoint and that the interior of each disk intersects ∂Σ exactly twice. The fact that all of the interiors of the elementary disks are disjoint follows from the fact that the union of their interiors are disjointly embedded into the front projection diagram. To guarantee that each elementary disk D intersects the boundary of the ribbon exactly twice, first note that by our construction and the fact that tb(∂D) = −1, Σ is positive (is lightly shaded) near the left cusp and negative (is heavily shaded) near the right cusp. Moreover, by our construction, the ribbon along each elementary cycle ∂D will be the same as in the case of the Legendrian unknot with tb = −1 in (S 3 , ξ std ) with plumbings of some extraneous bands away from the left and right pointing cusps of ∂D in such a way that the bands are always transverse to the vector field ∂ z . As the transversality and geometric intersection numbers of D with the boundary of the ribbon are invariant under plumbing bands in this way we see that the desired properties hold.
Finally, we have the ribbon of a contact cell decomposition of (S 3 , ξ std ) which intersects every 2-cell exactly twice. Therefore, by Theorem 2.4 there is some diffeomorphism Φ of Σ so that (Σ, Φ) is equivalent to (S 3 , ξ std ) via Theorem 1.1, and contains L in a single page. (1) ∂γ j ⊂ ∂Σ for all j = 1, . . . , n and (2) Σ \ ∪γ j is homeomorphic to a disk.
Note that if {γ j } is an arc basis of Σ, then the isotopy class of the diffeomorphism Φ is determined by the isotopy classes of the images Φ(γ j ). To state the monodromy factorization theorem we need one more vocabulary item.
Definition 4.7. In the notation of Algorithm 2, let D and D ′ be distinct elementary disks for the Legendrian graphL with boundaries C and C
Note that in the above definition, it is impossible that both D > D ′ and D ′ > D as otherwise C or C ′ would be destabilizeable. This would violate the definition of an elementary disk. (1) the D j naturally determine an arc basis {γ j } of Σ and the images Φ(γ j ),
This suffices to prove the theorem.
Step 1. Let N (Σ) be an arbitrarily small tubular neighborhood of Σ. The proof of Theorem 2.4(1) (see [E06] ) indicates that
) is contactomorphic to a standard 3-ball (B 3 , ξ std ). We can write (S 3 , ξ std ) as the open book (M (Σ,Φ) , ξ (Σ,Φ) ) where
, and
in the notation of the introduction. The elementary disks determine an arc basis of Σ in the following way:
and dividing set ∂Σ.
Then γ j := (∂D ′ j ) ∩ (N (Σ)) + is an arc basis of (∂N (Σ)) + . As (∂N (Σ)) + is isotopic in N (Σ) to Σ, this gives an arc basis of Σ which we again denote by {γ j }. Similarly, another arc basis of Σ is determined by (∂D ′ j ) ∩ (∂N (Σ)) − which gives Φ(γ j ).
Step 2. We now explicitly describe the arcs γ j and Φ(γ j ) in terms of the front projection of Σ produced by Algorithm 2. Consider Figure 4 which shows these curves in the case thatL is the boundary of a single elementary disk D 1 . The curve γ 1 described in Step 1 of this proof appears on the lower left (t = 0). Φ(γ 1 ) appears on the lower right (t = 1). Note that Φ(γ 1 ) = D + (γ 1 ). An arbitrary elementary disk is the same, except that nowL may have additional Legendrian arcs emanating from C j = ∂D j . As these arcs do not intersect D j we again conclude that Φ(γ j ) = D
Step 3. To finish the proof it suffices to show that if j > i then D
This follows immediately from our choice of indexing. If
FIGURE 17. The arcs γ j and Φ(γ j ) associated to an elementary disk D j . In the picture we show a close-up of the 1-skeletonL of a contact cell decomposition created using Algorithm 2 near an elementary disk. The ribbon ofL is labeled RL.
Controlling the Euler characteristic and number of boundary components.
In this section we show how the choices involved in carrying out Algorithm 2 can be made so as to establish Equation 1. We also show that the choices may be made so that the surface Σ has connected boundary. Again L will denote a Legendrian link in (S 3 , ξ std ) with front projection D(L) to which we apply Algorithm 2.
Lemma 4.9. Assuming that D(L) is non-split, the choices in Algorithm 2 can be made so that the surface
Proof. The Euler characteristic of the page Σ of our open book is given by one minus the total number of elementary disks. This is a simple consequence of the fact that Σ deformation retracts onto a wedge of these cycles. Again consider the graph L ′′ from Step 2 of Algorithm 2 and let {C j } denote its collection of small cycles. Note that each crossing in L contributes a − 1 2 to each of exactly two small cycles, and that each cusp of L contributes − 1 2 to exactly one small cycle. Therefore
In completing L ′′ (the graph constructed from L at the end of
Step 2) to the 1-skeleton of a contact cell decomposition in Step 3 we added arcs to the C j so as to increase all of their Thurston-Bennequin invariants to −1. For each j, it is obvious that this can be done with −tb(C j ) many non-destabilizeable arcs as C j is embedded in the front projection with no crossings. We conclude that the entire construction can be carried out so that there is a total number of − tb(C j ) elementary cycles.
Remark 4.10. The proof above indicated that for some front diagrams, Step 3 of Algorithm 2 can be carried out in such a way that improves the Euler characteristic bound of Equation 1. See Section 5.3 for an example.
Lemma 4.11. By adding sufficiently many Legendrian arcs in Step 2 of the algorithm in the appropriate manner, we may assume that the binding of the open book constructed is connected.
Proof. Let Σ be a surface constructed from Algorithm 2 as the ribbon of a Legendrian graphL. Consider the arc basis {γ j } of Σ from the proof of Theorem 4.8. As Σ \ (∪γ j ) is a disk, ∂Σ is connected if and only if for all j, the endpoints of the arc γ j lie on the same boundary component of Σ. Suppose that the number of boundary components of Σ is ≥ 2. Then for some j the boundary points of the arc γ j live on distinct boundary components of Σ. ExtendL to a Legendrian graphL ′ by adding a non-destabilizeable Legendrian arc toL connecting the cusps on the boundary of the elementary disk D j as in Figure 18 . Then the ribbon Σ ′ ofL ′ is again the page of an open book supporting (S 3 , ξ std ) with #(∂Σ ′ ) = #(∂Σ) − 1. Therefore the proposition follows by inducting on #(∂Σ). 
APPLICATIONS TO THE STUDY OF SUPPORT INVARIANTS AND OVERTWISTED SURGERY DIAGRAMS
In this section we apply Theorem 1.9 to study support invariants of, as well as the detect overtwisted disks in contact manifolds obtained by contact surgery on Legendrian links in (S 3 , ξ std ). We begin by stating a priori bounds on the support genus and norm of these manifolds in terms of classical link data from Equation 1. 
Proof. Note that by Theorem 2.7 it suffices to prove the inequalities for sn(S 3 , ξ std , K) and sg(S 3 , ξ std , K). Let D(K) be a front diagram for K. By Theorem 1.9 and Equation 4 there is an open book (Σ, Φ) supporting (S 3 , ξ std ) which contains K in a single page satisfying
Consideration of the above inequality over all possible front projection diagram establishes the bound on the support norm. As for the support genus, consider the fact that Σ has at least one boundary component and apply the above inequality together with −χ(Σ) = 2g(Σ) − 2 + #(∂Σ). (L(4, 1), ξ 0 ) = 1, and sn(L(4, 1) , ξ 1 ) = 2.
Legendrian torus knots.
Proof. We assume familiarity with the classification of tight contact structures on lens spaces. See [H00] . The two diffeomorphism classes of tight contact structures on L(4, 1) can be obtained by Legendrian surgery on the unknots whose classical invariants are tb = −3, rot = 0 and tb = −3, rot = ±2 in (S 3 , ξ std ). As in the statement of the theorem, we will call these structures ξ 0 and ξ 1 respectively. Note that this differs from the isotopy classification, in which case there is no ambiguity in the sign of rotation number. By starting with the Legendrian unknot with Thurston-Bennequin invariant −1 embedded in the page of an annulus open book for (S 3 , ξ std ) and applying positive and negative stabilizations as necessary, it follows that every Legendrian unknot can be realized in the page of a planar open book decomposition of (S 3 , ξ std ). Since Legendrian surgery can then be realized as the precomposition of the monodromy of such an open book with a positive Dehn twist about the curve, we see that every tight contact structure on every lens space L(p, 1) has support genus zero.
The remainder of the proof is a recollection of results appearing in [EO08] together with the existence of the open book described in Figure 20 . There it is shown that bn(L(4, 1), ξ 0 ) = 4. This is a consequence of the fact that a planar open book for (L(4, 1), ξ 0 ) with four binding components exists, along with the following two observations: (1) Any contact structure on L(p, 1) with p > 2 which is supported on an annulus must be overtwisted. (2) If a tight contact manifold is given as an open book decomposition whose page is a twice punctured disk and whose first homology has order four, then it must be either L(4, 3) or L(2, 1)#L(2, 1). Therefore, the tightness of ξ 1 and existence of a planar open book with four binding components (a disks with three punctures whose monodromy is a positive Dehn twist about every boundary component as in the previous paragraph) implies that same the proof can be applied verbatim to show that bn(L(4, 1), ξ 1 ) = 4.
It only remains to calculate the support norms. Any contact manifold (M, ξ) for which c(ξ) = 0 cannot be supported by an open book whose page is a punctured torus. See Remark 3.4. This, together with the existence of an open book decomposition whose page has Euler characteristic −2 and the above remark regarding annular open books of lens spaces leads to the conclusion that sn(L(4, 1), ξ 1 ) = 2. , and hence from the 3-manifold perspective is the contact connected sum of (M, ξ ′ ) with (S 3 , ξ OT ). Apply Corollary 1.8 to (M, ξ ′ ) to obtain an equivalent surgery diagram L ′ . (S 3 , ξ OT ) may be presented by Legendrian +1 surgery on the split component as described in the statement of the theorem. Then contact surgery on the disjoint union of L ′ and the split component will yield
The proof of the preceding lemma along with Theorem 1.2 indicate that the existence of the type of surgery diagram described is also equivalent to overtwistedness. This type of diagram may be likened to negatively stabilizing an open book by boundary connect summing its page with
Much wilder negative stabilizations are of course possible, by the fact that there is freedom in the choice of arc that can be used to perform a Murasugi sum. Proof. Let µ K be a standard meridian of K. After possibly applying a series of Legendrian Reidemeister moves and isotopies, we may assume that the height function z on L\µ K (considered as living in (R 3 , ξ std )) takes on its absolute minimum at some point on K. We may also work under the assumption that µ K is contained in a small ball near this point as depicted in Figure 21 .
Without loss of generality, the point on K for which z achieves its absolute minimum has z-value equal a zero. Draw a straight, horizontal line connecting the two points on K which take on the z-value ǫ > 0. Note that for ǫ sufficiently small, these two points are uniquely determined, and that such an arc will not cross any other components of L \ µ in the diagram. Isotop this arc, while fixing its endpoints so that its union with (z| K ) −1 [0, ǫ] is a Legendrian unknot γ with tb = −1, and still does not cross any other component of L \ µ. Call this arc γ.
Follow the proof of Theorem 1.9 to complete (L \ µ K ) ∪ γ to a contact cell decomposition of (S 3 , ξ std ). In taking the ribbon of the 1-skeleton of this cell decomposition, we have the page, Σ of an open book for (S 3 , ξ std ) which contains L \ µ K . We are interested especially in the 1-handle of this surface which is the ribbon of (z| K ) −1 [0, ǫ]. Denote this 1-handle by H. By Theorem 4.8 the monodromy of this open book may be written
where each of the ζ j are curves which do not intersect the co-core of H. Note also by our construction that K is the only component of L \ µ K which intersects the co-core of H. Write Σ t and ζ t for the image of Σ and an arc ζ contained in it under the time-t flow of ∂ z . Note that for δ > 0 sufficiently small we may realize µ as γ −δ . Then the monodromy, Φ L of the open book obtained by performing contact Dehn surgery on L may be written
The open book is then the same as is given by the mapping class
as the two are conjugate. Then by the properties established concerning the intersections of the ζ j and η j with H, we have that this open book decomposition is a negative stabilization of the open book whose page is Σ \ H and whose monodromy is
This concludes the proof. 
which is conjugate to
Then deleting D + γ from the monodromy and H from the page amounts to a positive destabilization which does not alter the contact manifold. By construction, this is equivalent to removing K and µ from the surgery diagram as we may build the same open book for L \ (K ∪ µ) by taking the page to be the same minus the handle H.
MAPPING CLASS RELATIONS AS KIRBY MOVES
In this section we introduce a method of modifying contact surgery diagrams by constructing Kirby moves associated to mapping class relations. We call these moves ribbon moves, which were briefly described in the introduction. After defining these operations, we give examples of ribbon moves analogous to the conjugacy, braid, and chain relations between Dehn twists on a surface. An example of a lantern relation type ribbon move was given in Figure 2 . In Section 6.3 we show that any two contact surgery diagrams for the same contact manifold are related by a sequence of Legendrian isotopies and ribbon moves. This may be thought of as Theorem 1.1(1) interpreted in the language of contact surgery by Theorem 2.7.
The following conventions will be used throughout the remainder of the paper:
(1) R G will denote the ribbon of a Legendrian graph G ⊂ (S 3 , ξ std ). 
We also assume that the L j are indexed so that j > i implies t j > t i . (5) M CG(R G , ∂R G ) will refer to the mapping class group of R G , i.e. the group of orientation preserving diffeomorphisms of R G which restrict to the identity on a neighborhood of ∂R G , considered up to isotopy.
6.1. Ribbon equivalence and ribbon moves. In this section we give a more careful definition of the ribbon moves which were described in the introduction. We begin with some definitions which will help to translate surgery data into mapping class data and vice versa.
Definition 6.1. Suppose that R G is the ribbon of a Legendrian graph G ⊂ (S 3 , ξ std ) and that
is a surgery link. Then each L j may be considered as a simple closed curve in R G by projecting
Definition 6.2. Suppose that R G is the ribbon of a Legendrian graph in (S
for which L and L ′ are R G equivalent. Proof. Suppose that L and L ′ are R G equivalent for some Legendrian graph G ⊂ (S 3 , ξ std ). By adjoining Legendrian arcs to G, we can find a Legendrian graphḠ containing G whose ribbon RḠ is the page of an open book (RḠ, ΦḠ) supporting (S 3 , ξ std ). Then R G embeds into RḠ and the mapping classes associated to L and L ′ extend to mapping classes of RḠ in the obvious way. The contact manifolds determined by L and L ′ are then supported by the open books
respectively. Therefore L and L ′ determine the same contact manifold. Note that by Proposition 6.3, performing a ribbon move does not change that contact manifold determined by surgery.
The simplest types of ribbon moves are insertions and deletions of canceling pairs, first observed in [DG01] . Insertion of a canceling pair consists of adding a Legendrian knot K with surgery coefficient ±1 to a surgery diagram, together with a Reeb pushoff of K decorated with surgery coefficient ∓1. A canceling pair determines the mapping class
Therefore a canceling pair is ribbon equivalent to the empty surgery link.
Ribbon moves performed along a ribbon R G may be alternatively characterized as the insertion of a surgery link L ⊂ R G × [−1, 1] into a surgery diagram satisfying D L = Id R G , followed by deletions of canceling pairs.
6.2. Examples of ribbon moves. In this section we give examples of ribbon moves. We begin by describing a method which allows us to consider distinct Legendrian knots in (S 3 , ξ std ) as sharing a transverse intersection on the ribbon of some Legendrian graph. This will be useful in providing examples of ribbon moves, as mapping class relations often relate Dehn twists along curves which intersect nontrivially. 
Using the curves shown in Figure 24 we can associate a ribbon move to the conjugacy relation and its variants. Examples are given in Figure 25. 6.2.3. A braid relation for surgery links. Again suppose that α and β are simple, closed curves on an oriented surface Σ sharing a single transverse intersection. The braid relation is the equation
For two Legendrian knots A and B which share a chord as in Figure 22 , we can use the surface R A∨B to define a ribbon move associated to the braid relation. The braid relation, stated in terms of contact surgery, says that the surgery links
are R A∨B equivalent. An example is given in Figure 26 . 6.2.4. A 3-chain relation. For our final example, we present a ribbon move associated to the 3-chain relation. Consider the Legendrian graph A ∨ B ∨ C shown in Figure 27 . The ribbon R A∨B∨C of the graph has the topological type of a twice punctured torus. Then A, B and C may be considered as representing simple, closed curves in R A∨B∨C . Let X and Y denote curves in R A∨B∨C which are isotopic to the boundary components of R A∨B∨C . The 3-chain relation is the mapping class relation
The left-most box shows the surgery link
The center-left box shows the surgery link
Again, the mapping class of R A∨B associated to the surgery links are shown below each box. An explicit example of the corresponding surgery diagrams are shown on the right. For the two surgery diagrams, all surgery coefficients are the same and are either −1 or +1.
. On the left is a Legendrian graph A ∨ B ∨ C, whose cycles consist of Legendrian unknots A, B and C, each of which has Thurston-Bennequin number −1. On the right is the ribbon R A∨B∨C of the graph. Note that R A∨B∨C has the topological type of a twice punctured torus.
We can associate surgery links to each sides of the above equation using the curves A, B, C and Legendrian representatives of X and Y . Consider the surgery link
Then the mapping class of R A∨B∨C associated to L is
Consider also the surgery link Proof of Theorem 1.10. As stated in the introduction, we would like to use Theorem 2.7 to interpret this result as Theorem 1.1 for mapping classes with specified Dehn twist factorizations. With this motivation, the proof of Theorem 1.10 will be broken up into the following steps:
(1) Describe positive stabilization and monodromy conjugation operations for surgery diagrams. Show that these operations can be recovered by Legendrian isotopies and ribbon moves. 1). This will relate X and Y by ribbon moves and Legendrian isotopies, and so will complete the proof. Step 1. The positive stabilization operation for surgery diagrams was described in the proof of Theorem 5.5(1). It is easy to see that the insertion of a positive stabilization can be performed by inserting a canceling pair, a Legendrian isotopy, and a handle slide as in Section 6.2.2. See Figure 29 . Now we must describe an operation for surgery diagrams analogous to conjugating the monodromy of an open book. Throughout, ǫ will be an arbitrarily small positive constant. 
As these two mapping classes are conjugate, they determine the same contact manifold. Hence, surgery on L (Σ,K δ ) produces (M, ξ).
Note that in the proof of the preceding lemma, it is essential that the surface Σ used in Definition 6.5 is the page of an open book decomposition, and not just the ribbon of some Legendrian graph. This completes Step 1.
Step 2. Possibly after a Legendrian isotopy, we may assume that X ⊂ {x < 0} ⊂ R 3 and Y ⊂ {x > 0} ⊂ R 3 and consider X and Y as being simultaneously embedded in R 3 . Apply Algorithm 2 to X ∪ Y to obtain a Legendrian graph G whose ribbon Σ contains X ∪ Y , and is the page of an open book (Σ, Φ Σ ) supporting (S 3 , ξ std ). Here Φ Σ is determined by Theorem 4.8. By Lemma 4.11 we may assume that the boundary of Σ is connected. Then By Theorem 1.1, these open books can be positively stabilized some number of times so that their monodromies will be conjugate. We will assume that these stabilized open books have connected binding. More precisely, there is a surface Σ with a single boundary component, two collections {α j } 2g 1 and {β j } 2g Legendrian realizable, simple, closed curves on Σ, and a map Ψ ∈ M CG( Σ, ∂ Σ) such that
Here Φ Σ , D X , and D Y extend to elements of M CG( Σ, ∂ Σ) via the inclusion Σ → Σ.
As both Σ and Σ have connected boundary, we can write Σ as a boundary connected sum of Σ and another surface Σ ′ which has the topological type of a once-punctured genus g surface. We will embed Σ into (S 3 , ξ std ) so that it is the page of a supporting open book decomposition and extends the inclusion Σ ⊂ (S 3 , ξ std ).
Let B be a Darboux ball in the complement of the 2-skeleton of the contact cell decomposition of (S 3 , ξ std ) associated to the Legendrian graph G and open book (Σ, Φ Σ ). Embed Σ ′ into B via Algorithm 1. Then Σ ′ is the page of an open book (Σ ′ , Φ Σ ′ ) supporting (S 3 , ξ std ). Connect Σ to Σ ′ with the ribbon of a Legendrian arc as in Step 2 of Algorithm 2. This gives rise to an embedding of Σ into (S 3 , ξ std ) as the page of a supporting open book ( Σ, Φ Σ • Φ Σ ′ ).
Step 2 
This concludes
Step 2 of the proof.
Step 3. To finish the proof, we must show that X and Y are related by a sequence of ribbon moves and Legendrian isotopies. By Lemma 6.6, it suffices to show that we can modify X by a sequence of "surgery conjugations" as in Definition 6.5 to obtain a surgery link which is Σ equivalent to Y . This is what we will show. using the notation of Definition 6.5. Then
implying that X l is Σ equivalent to Y by Equation 5.
